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ABSTRACT

We study a two-dimensional variational inequality where the interior con-
straining function, or obstacle, is defined only on a segment of the domain. A
simple proof of the existence and smoothness of the solution to this type of
problem is available via the results of a recent paper by Lewy and Stampacchia.
Important special cases include the Dirichlet Integral and the area integrand.

1. In this paper we study a two-dimensional variational inequality where the
interior constraining function, or obstacle, is defined only on a segment of the
domain. We show how a recent theorem of Lewy and Stampacchia [7] may be
used to derive a simple proof of the existence and smoothness of the solution to
this type of problem.

Let Q be a strictly convex domain in the x = (x;,x,) plane, o a closed straight
segment in Q assumed to lie on the x,-axis, and fe C"%(s) a non-negative function
assumed to vanish at the endpoints of o. Suppose that a(p) is a locally coercive C*
vector field on R2. Consider the convex set # of Lipschitz functions in Q which
are constrained to lie above f on ¢ and to vanish on 0Q. We wish to prove the
existence of a ue 4 such that

f a,(u) (v — w),dx = Oforall et
(e}

We establish these properties under an assumption about the regularity of the
solution to the Dirichlet problem for the equation — 3 /dx; (a;(u,))=0 in domains
which are convex, but not strictly convex.

One case of this problem arises in minimal surfaces and has been treated by
Nitsche [9]. We obtain a generalization of his result which, in particular, requires

* This research was partially supported by contract AF-ASOFR 883-67.
Received March 22, 1971 and in revised form June 8, 1971

339



340 D. KINDERLEHRER Israel J. Math.,

no assumptions of symmetry in the configuration of ¢ and Q or concavity of f.
Another case arises from the Dirichlet Integral. This has been discussed by Lewy
([5], [6]). Our results here do not yield anything new.

On the other hand, the results of this paper may be applied to a wide class of
variational inequalities obtained from locally coercive vector fields which are
ellipticin a suitable sense. We describe this situation below. Although our concern
has been with two dimensional problems, many of these techniques also apply to
higher dimensions.

We establish that the solution to the problem of Lewy and Stampacchia (§5,
[7]) for a suitable Lipschitz obstacle is actually the solution to the problem here
for the constraint f. To construct a suitable obstacle, we first assume that f' =0
at the endpoints of ¢. This restriction is then removed. If f is assumed to be
concave, it follows by an argument of Nitsche [9] that the subset of ¢ where the
solution u = f is a connected segment. For situations involving minimal surfaces,
it then follows that u € Co(ﬁ) and u,, is continuous on one-sided approach to a.

Here are the precise assumptions about a(p). Let a(p) = (a,(p), a,(p)), p=(p1,P,),
be a vector field of class C* which is locally coercive in the sense that given a com-
pact set C = R?, there is a v = v(C) > 0 satisfying

(L.1) (a(p) — a(q))* (p — ) 2 WC) |p—q|? for p, qeC.
We also assume the condition below:

Let G be any convex, but not necessarily strictly convex, domain in
the x-plane with
(1.2)  C? boundary and let ¢(x)e C*(0G),
for some a, 0 <a < 1. Then there exists
a we C*'(G) such that

0 .
a—xjaj(wx) =0in G

w = ¢ on 0G.

For the discussion here, it is important that w be Lipschitz in G. One instance
of (1.2) is obtained by setting a(p)=p; /W, W= \/ 1_:52_, which is the monotone
vector field determined by the non-parametric area integrand. The reader is
invited to refer to the appendix for a discussion of this point.

Another instance of (1.2) is obtained when the vector field a(p) is elliptic in a
suitable sense. For a(p) = (a,(p), ay(p)), a two-dimensional situation, it suffices
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to assume that the ratio of the eigenvalues of the symmetric part of (da;(p)/Op,)
is bounded above and below. Namely, given a(p) let 1. = Amia = O denote the
eigenvalues of the matrix
da;  Oa
Then condition (1.2) is satisfied if 1 £ A4 /Amin < ¢, ¢ independent of pe R?,
This conclusion results because the estimates of Bers and Nirenberg (cf. [1], p.
263) depend only on the size of the coefficients and the modulus of ellipticity of an
equation, but not their continuity properties. One special case of this situation
is the vector field a,(p)=(1+ p* p/2-1 p;» 1 <t =2, which is locally coercive
but not coercive, and has been considered by Brezis and Stampacchia ([2]).
Denote by A the operator defined by the pairing

(Au,v) =f a(u v, dx, u, ve HYQ)
Q

whenever the right hand side exists. If u e C®'(B) and (4u,v) = 0 for all ve HYB),
B an open ball in Q, then u e C**(By) N H™%(By) for any sub-ball B, with B, = B
and u is a solution to

0 .
Au = — a—xj(aj(ux)) =0 a.e. in B.

If § is any function defined in Q, we set ', = {ve C3' (Q): v = ¥ in Q}.
2. The solation to a variational inequality with a Lipschitz obstacle

Let y(x) e C>1(Q) satisfy ¢ < 0 on Q. By [7] (Theorem 2.2 and §5), thereis a
unique u €X', satisfying

2.1) (Au,v —u) = 0 for all ve o,

If Y € CX(Q), then ue CH(Q) NH>YQ) for each 1, 0 <A< 1,and g, 1 < g < 0.
The first step towards attaining the solution to (2.1) when y is Lipschitz is the
approximation of the given obstacle by smooth obstacles. The solution is proven
to be the limit of the solutions to the problems for smooth obstacles. Suppose
that in a given ball B c Q, Y e H*%B). It follows that in any sub-ball B, < B,
the solution u of (2.1) is in H>%B,). The proof of this assertion is immediate
from the local quality of the well-known estimates for elliptic equations ([10]
and [8] for the linear case).
One also employs that € C3(Q) implies
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f {au){;, — max(4y,0)F(x)}dx = 0 for {e HYQ),
Q

where F is a certain function with H F ]| o = 1, ([7], equation 4.6).

We point out that a strict maximum principle is valid for the difference of two
solutions to the homogeneous equation Au = 0. We check this. Let G be a domain
in R2, and let u, ve H*%G) N C%G) satisfy

f aju)l,dx=0 and f aj(v)l,,dx=0, (e Hy(G)
G G

and
u=v on 0G.

By setting w = max(u,v) it is easy to see that w=u in G, so that u Z v in G.

Since a;(p)e C* and u,v, € C®X(G), A =1 —2/q, we may write

aj(ux) - aj(vx) = blj(u - v)x1 + b2j(u - v)xp
where

bey(x) = (‘% (s + 1,00 (s — v)), 0 S () = 1.

At any x°e G where u(x®) = v(x°), u — v has a minimum so that u,(x%)=uv(x°).
By the coerciveness of a;(p),
&) bkj(x)ciék > C| ¢ |2 for all £=(¢,,¢,)

and x = x°. Since u,, v, are continuousand | ¢;| < 1 thereisa ball B = {|x — x°| <¢}
where (*) holds for all x e B. Hence, w = u — v is the solution to

f buwols,dx =0 for (e HB)
B

Now we H*%(B) so that the well known maximum principle ([1] p. 262) implies
that if w(x®) = infz w(x) for some x°e B, then w(x) = w(x°) for all xe B.
LemMma 1. Eet Y(x) be a Lipschitz obstacle in Q. Suppose that € H*%G)
and Ay =0 in D, for some connected open subset D = Q where y = 0 and any
ball G = D. Let ueXt', satisfy (2.1). Then either u(x)=y(x) for all xeD or
u(x) > y(x) for all xe D,
The proof of the lemma is evident.

3. A Lipschitz obstacle

We construct a Lipschitz obstacle under the hypothesis that f = f' =0 at the
endpoints of ¢ and fe C""*(0). Let y, be a C? strictly convex arc in x, = 0 which
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connects the endpoints of ¢ in such a way that ¢ Uy, is a C? curve and
(6 Uyy)N{x, =0} =0. Let D* denote the domain enclosed by the convex
curve ¢ Uy, and determine y, by

s-a.(x)) = 0in D*

Y(x)=fonc
Yi(x)=0o0ny,
The hypotheses about a(p) imply that ¥, € C*'(D*) N HEA(D*). Similarly, in

loc

the reflection of D*¥, D~ = {x: ¥ = (x;, — x,)e D%}, determine y_ by
2 W (x))=0in D~
ox; "7

y-(x)=fone
Y _(x) =0 on y_, the reflection of y_.

We define y/(x) by Y(x) = ¢ 4(x) for xeD*, y(x) = ¥ _ (x) for xe D~, and extend
this ¢ to a Lipschitz function, still denoted by ¥, so that y <0in Q — (DN D")
and ¥ <0 on Q.

There is a unique u € ¢, such that (Au,v— u) = 0 for all e, It is not difficult
to see that u is not identical to ¥ where ¥ is positive. Let us demonstrate the
useful fact.

LEMMA 2. Let u be the solution to the variational inequality u ey (Au,v—u)
= 0 for all veX',, where s is the obstacle constructed from f discussed in this
section. Then u>y in DY UD~.

ProoF. There are a number of ways to prove this lemma. We employ one which
gives a simple proof that a Lipschitz super-solution of A has no interior minimum
without reducing to a constant (cf. [11] for example).

Let us note first that u is a super-solution to 4, which means that { € Hi(Q)
and { Z 0 implies that (Au,{) = 0. For if { € H,, then u + { is the limit of functions
in 2 so that (Au,{) = 0.

If u(x) = ¥(x) for some xe D*, then u(x) =y(x) for all xe D* by Lemma 1,
and in particular assumes the interior minimum value zero on y,. Let X0€7V4
and B ={|x —x°| <&} be a ball in Q which does not intersect the closed set
D* U Q. We determine w(x)e H\(B) N H 24(B) as the unique solution to

loc
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- %aj(wx) = 0in B
3.1 i

w= u on 0B

For the moment we assume the existence of w, a point to which we shall return.
Then we C*(B), 0 <A< 1. With { = max(u,w) — u = 0 in B and in
Hé(B)a 0 é f{w>u} (aj(wx) - aj(ux)) (W - u)xjdx = J‘B(aj(wx) - aj(ux))ijdx by
coerciveness of A. On the other hand, since w is a solution and u a super-solution
of 4,

f (a (wy) — aju)ls, dx = — f a, () dx <0,
B B

We conclude, since w, u € C%(B), that maxg(w,u) = u. Now w(x) > inf,; w(y) = 0
for x € B, hence u(x%) = w(x®) > 0, which contradicts that u(x®) = (x°) = 0.

We now discuss briefly the existence of w, the solution to (3.1). The difficulty
encountered by the application of direct methods is that a;(p) is not coercive.
On the other hand the boundary data is Lipschitz on a strictly convex set. This
enables us, using an idea of Rado, to conclude the existence of a solution to (3.1)
which is Lipschitz in B and has the same Lipschitz constant as u(x). This type of
problem has been treated by Stampacchia and Hartman [3].

4. A special case

THeorReM 1. Let a(p) be a C' vector field satisfying (1.1) and (1.2). Let
fe C"%(c) be a non-negative function such that f = f' =0 at the endpoints of o.
Then there exists a unique u€X ; such that

(4.1) (Au,v —u) 20 for all veX,.

Let BcBc{xeQ:u(x)>f(x)} be any ball. Then ue H*Y(B) and satisfies

— 5?‘_ afu)=0 ae. in{xeQ:u(x)>f(x)}.

J

In the statement of the Theorem, ", = {ve C>'(Q): v = f on ¢ and v = 0 on 6Q}.
To demonstrate this theorem, we shall show that the solution of (2.1) for the
Lipschitz obstacle y of §3 satisfies (4.1). We note that by Lemmas 1 and 2,
{xeQ:u =y} =g for the solution of (2.1).
LemmA 3. Let vet ;. Then (Au,v —u)=0.

Proofr. Let ¢>0 and define w,(x)= max(Y(x), o(x) + €), where ved 5 is
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arbitrary. Since v+ &> f on ¢ and v =0 on JQ, we conclude that {xeQ:y(x)
= v(x) + ¢} = D*\U D~. Hence the Lipschitz function
) Y(x) — (v(x) + &) where ¥(x) > v(x) + ¢
{(x) = (
0 elsewhere
has its support in the set {x: u(x) > y(x)}. Now,
f (1) (9, — ), dx = f a,(u) (v — u), dx + f (1) (= u), dx
Q { {v+e<y}

YZvte}

- f a,(u) (0 — ), dx + f a, ) (Y — ), dx — f a,() (0 — ), dx
Q {v+e<y}

fote<g}
= f aju,)(v—u),dx + f a(u )l dx.
Q {v+e <y}
The second integral vanishes in view of the nature of the support of {. Hence for
each ¢ >0,

f afu)(v—u), dx = f aju,)(w, — u), dx.
Q Q

It is very easy to check that w, - w, in H(Q).
Hence, since woe 7,

[Lawrw=w., = [ afwion - w20
@ e Q.E.D.

5. The general case

We now remove the restriction that f* = 0 at the endpoints of . This is a simple
procedure whose underlying conception is that the solution u should exceed the
constraint f at the endpoints of ¢. This would suggest that the behavior of f near
the endpoints of & does not influence u.

LeMMA 4. Let h, ge C¥(0),0 = [ay,a,], satisfy h(a) = h'(e;) = glo) =g'(ey)
=0, j=1,2, and suppose that 0 < g(x) £ h(x) for a; < x; <&,. Let V and u
denote the solutions of (4.1) for g and h respectively. Then V(x) £ u(x) in Q.

ProoF. The demonstration amounts to characterizing V as the infimum of
functions ve#’, which are super-solutions of A. Namely, v is called a super-
solution of A4 if

f aj(v ), dx = 0 for all {e CY}(Q), (=0.
O

We refer to ([7] §6).
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THEOREM 2. Let aip) be a C' vector field satsifying (1.1), (1.2). Let
fe CY%0) be nonnegative and vanish at the endepoints of 6. Then there exists a
unique ue A, such that

(.1) f a () (v — u),,dx 2 0 for all ve .

Q
Let Bc B {xeQ:u(x)> f(x)} be any ball. Then ue H*%B) and
(5.2) - %—' au)=0a.e. in {xeQ:ux)> f(x)}.

Proor. Let ¢ ={u;,a,] and select a proper subinterval o, = [f;, 8,] of o.
Choose g(x) e C*%(a,) with g(B ) =2g'(B;) =0, j=1,2, such that g(x) < f(x) in
6o. Let V(x) denote the solution of (5.1) for the constraint g(x). Near «;, V is a
solution to the homogeneous equation (5.2), hence, V(a;) > 0 = f(x;). There-
fore, there are points 7, and 7y, interior to ¢ and not in ¢, such that y; =
inf{x,: V(x)f(x) =0} and y, = sup {x: V(x) — f(x) = 0}.

We choose h(x)e C'*(o). such that h(x;) = h'(2;) = 0 and

h=ffory;=x; =7,

h<fforay xy <y, and y; £ xS 05,

Such a choice of h exists. Let u(x) be the solution of (5.1) for h(x). By our con-
struction, g(x) £ h(x) in ¢; whence, V(x) < u(x) in Q by Lemma 4. In
particular, for x;e[oy,v,JU [y, %2], u(x) = V(x) = f(x). Hence ue ¥ . Since
h=f, #;cA, Therefore, if vedt, (Au,v—u)z0. Q.E.D.

We draw some additional conclusions. If f is concave, then Nitsche’s result
([9], p- 96) may be applied to conclude that the set 7= {x:u(x)=f(x)} is a
connected subinterval of . The proof in [9] is for the case of the nonparametric
area integrand, but it may be generalized to an arbitrary a(p) € C* which is locally
coercive. However, let us apply [9] directly and [4] to obtain

COROLLARY 1. Let fe C*(c) be convex. Then there is a unique uet ;
satisfying

j \/1 + u3, + u%, dx;dx, = min f J1+02 + vZ, dxdx,.
Q Q

veXys
The set T = {x: u(x)=f(x)} is a connected subiterval of ¢ and u, € C%Q) and
u,., is continuous on one-sided approach to t.

It is possible to extend Theorem 2 to the case where f is merely continuous by
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carrying through the program of [7]. In those cases where there is a Harnack
inequality for a(p), the second conclusion, (5.2), of Theorem 2 remains valid.

Appendix

In this section we describe the verification of the hypothesis (1.1) for the minimal
surface equation by means of the boundary regularity theorem for parametric
minimal surfaces ([13], [14], [16]). Let G be any convex, but not necessarily
strictly convex, domain in the x-plane with smooth boundary 9G. Let
¢ € CH*%(3G). In fact, we could allow ¢ e C*(8G) with ¢’ satisfying a Dini con-
dition, in view of Warschawski’s result [15].

By a result of Radé ([15]) the Dirichlet problem

() —oing
2] - om
u = ¢ on oG

possesses a unique solution, continuous in G (of also [12]). Let us suppose that
x = 0€ 0G, that the tangent to 0G at 0 is (1,0), and that G lies in the half plane
{x, = 0}.

For the minimal surface S = {(x,x;): x; = u(x), x € G}, bounded by a Jordan
curve, we choose a conformal representation X({) = (x,(0), x,({), x5({)) in Im{>0,
{ =& + in. Suppose X(0) = (0,0, ¢(0)). The vector X({) is harmonic and satisfies
the isothermal relations X,({)* = X,({)* and X/0)- X,(n) =0 in Im{ > 0. Ac-
cording to the parametric regularity theorem, X(&) e C*(Sm{ = 0).

We set fi(0) = x;.(0) —ix;,(0), 1 £j £ 3. Hence

(A.1) FiD) =c¢;+ 0", 1 £ £ 3, for |¢] small and Im{ = 0,
and at { =0, the isothermal relations take the form
(A.2) S+ +cei=0.

Now we note:

i) The convexity of G implies that the harmonic x,({) has a minimum at { = 0;
hence, Jmc, = — x,,(0) <0.

On the other hand, since x,(¢) has a minimum at ¢ =0, Re ¢, = x,0) = 0.
Hence ¢, #% 0 is imaginary.

i} Since x3(5) = ¢(x4(£)), Re ¢; = ¢(0) Re ¢;. By (A.2),

(1 + ¢ () (Re ¢1)* = (Imey)* + | ¢z |7 +(Imez)? >0,

so that Re ¢, #0.

iii) The Jacobian of the mapping from { to x,
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J = 3mfI(Of,(0) = — i(Recy)e, +0 (L"), is continuous and not zero at { = 0.
It follows by a direct computation that u, (x) and u,,(x) are continuous at x=0.
Added in proof. After this paper was submitted, Prof. E. Giusti informed
the author that there is some overlap between this work and [2a]. The author
would like to thank Prof. Giusti for several discussions of this subject. The prob-
lem treated in [2a] concerns the area integrand in n = 2 dimensions and obstacles

defined on lower dimensional submanifolds. Its intersection with the present
work is the case aip) = p;/W and f the restriction to ¢ of a CQ) function.

{October 11, 1971)
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